On and beyond propagation of singularities of viscosity solutions by Cannarsa, Piermarco & Cheng, Wei
ar
X
iv
:1
80
5.
11
58
3v
1 
 [m
ath
.D
S]
  2
9 M
ay
 20
18
ON AND BEYOND PROPAGATION OF SINGULARITIES OF
VISCOSITY SOLUTIONS
PIERMARCO CANNARSA ANDWEI CHENG
ABSTRACT. This is a survey paper for the recent results on and beyond
propagation of singularities of viscosity solutions. We also collect some
open problems in this topic.
1. INTRODUCTION
It is commonly accepted that, Hamilton-Jacobi equations in the form
(1.1) H(x,Du(x)) = c, (x ∈ M)
or
(1.2) Dtu(t, x) +H(x,Dxu(t, x)) = 0 (x ∈M)
plays an important role in many fields such as PDEs, calculus of variation
and optimal control, Hamiltonian dynamical systems and Riemannian ge-
ometry. HereM is a smooth manifold without boundary and c ∈ R is the so
called Man˜e´ critical value. The notion of viscosity solutions of Hamilton-
Jacobi equations, introduced in the seminal papers [22] and [21], provides
the right class of generalized solutions to study existence, uniqueness, and
stability issues under wide classes of boundary-initial conditions.
The study of the propagation of singularities of viscosity solutions is a
kind of finer analysis of the associated problem of calculus of variations and
optimal controls. We suppose that H in (1.1) is a Tonelli-like Hamiltonian.
Since any viscosity solution u of (1.1) is locally semiconcave (with linear
modulus), we denote by D+u(x) the superdifferential of u at x. We say
x ∈ M a singular point of u if D+u(x) is not a singleton. The set of all
singular points of u is denoted by Sing (u).
A specific approach to the problem on the propagation of singularities
was developed in [2] by solving the generalized characteristic inclusion
(1.3) x˙(s) ∈ coHp
(
x(s), D+u(x(s))
)
, a.e. s ∈ [0, τ ] .
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More precisely, if the initial point x0 belongs to Sing (u), and is not a critical
point of u with respect toH , i.e.,
0 6∈ coHp(x0, D
+u(x0)) ,
then it was proved in [2] that there exists a nonconstant singular arc x from
x0 which is a generalized characteristic.
The study of the local propagation of singularities along generalized char-
acteristics was later refined in [39] and [16]. For weak KAM solutions, lo-
cal propagation results were obtained in [12]. An interesting interpretation
of the above singular curves as part of the flow of fluid particles has been
recently proposed in [29] (see also [33] for related results).
For many reasons, we will pay more attention to the global propagation
results, i.e., if the initial point x0 belongs to Sing (u), any solution x of (1.3)
can be extended to (0,+∞] such that x(t) ∈ Sing (u) for all t > 0. Except
for some global propagation results by energy-estimates methods (see, for
instance, [3, 13, 1]), for weak KAM solutions of equation (2.13) on the
whole space, a global propagation result was obtained in [8] by an intrinsic
approach under much more general conditions.
Indeed, in [8], the problem was solved by using the positive type Lax-
Oleinik semigroup which gives an intrinsic explanation of the propaga-
tion of singularities only according to the associated system of character-
istics. Later, in [9], the method was applied to obtain topological results
for Cut (u), the cut locus with respect to u, and Sing (u) such as the ho-
motopy equivalence between the complement of the projected Aubry set of
u and Cut (u) or Sing (u), and the local path-connectedness of Cut (u) and
Sing (u). Recently, in [6], for mechanical systems on the torus, the relation
of the ω-limit sets of the semi-dynamics of generalized characteristics with
the projected Aubry sets in weak KAM theory was exposed.
In this paper, we will review some recent results on the global propaga-
tion and the applications based the intrinsic method above. We also attempt
to raise some open problems related to this topic, from analytic, topological,
geometric and dynamic points of view respectively.
The paper is organized as follows. In section 2, we review some basic
materials for our results. In section 3, some recent results are discussed. The
last section is mainly composed of some open problems with explanations.
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2. PRELIMINARIES
In this section, we want to give a brief review of the Tonelli theory in
calculus of variations, weak KAM theory, and basic facts from non-smooth
analysis we need.
2.1. Semiconcave functions. Let Ω ⊂ Rn be a convex set. We recall that
a function u : Ω → R is said to be semiconcave (with linear modulus) if
there exists a constant C > 0 such that
(2.1) λu(x) + (1− λ)u(y)− u(λx+ (1− λ)y) 6
C
2
λ(1− λ)|x− y|2
for any x, y ∈ Ω and λ ∈ [0, 1]. Any constant C that satisfies the above
inequality is called a semiconcavity constant for u in Ω. A function u :
Ω→ R is said to be semiconvex if −u is semiconcave.
We recall that a function u : Ω → R is said to be locally semicon-
cave (resp. locally semiconvex) if for each x ∈ Ω there exists an open ball
B(x, r) ⊂ Ω such that u is a semiconcave (resp. semiconvex) function on
B(x, r).
Let u : Ω ⊂ Rn → R be a continuous function. We recall that, for any
x ∈ Ω, the closed convex sets
D−u(x) =
{
p ∈ Rn : lim inf
y→x
u(y)− u(x)− 〈p, y − x〉
|y − x|
> 0
}
,
D+u(x) =
{
p ∈ Rn : lim sup
y→x
u(y)− u(x)− 〈p, y − x〉
|y − x|
6 0
}
.
are called the (Dini) subdifferential and superdifferential of u at x, respec-
tively.
Let now u : Ω → R be locally Lipschitz. We recall that a vector p ∈ Rn
is said to be a reachable (or limiting) gradient of u at x if there exists a
sequence {xn} ⊂ Ω \ {x}, converging to x, such that u is differentiable at
xk for each k ∈ N and
lim
k→∞
Du(xk) = p.
The set of all reachable gradients of u at x is denoted by D∗u(x). For the
facts on the superdifferential of a semiconcave function on Ω ⊂ Rn, the
readers can refer to [15].
A point x ∈ Ω is called a singular point of u if D+u(x) is not a single-
ton. The set of all singular points of u, also called the singular set of u, is
denoted by Sing (u).
For a systematic treatment of semiconcavity and its applications to Hamilton-
Jacobi equations, calculus of variations and optimal controls, the readers
can refer to the monograph [15] (see, also, [34]).
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2.2. Tonelli Theory and regularity properties of the fundamental solu-
tions. For the reason that our main purpose is to adapt a finer analysis of
Tonelli theory, we will neglect various relevant problem under rather gen-
eral conditions (see, for instance, [20]). We begin with a classical setting
of autonomous Lagrangians. A function L ∈ C2(Rn × Rn,R) is called a
Tonelli Lagrangian1 if L satisfies the following conditions:
(L1) Uniform convexity: There exists a nonincreasing function ν : [0,+∞)→
(0,+∞) such that
Lvv(x, v) > ν(|v|)I ∀(x, v) ∈ R
n × Rn.
(L2) Growth condition: There exist two superlinear function θ1, θ2 : [0,+∞)→
[0,+∞) and a constant c0 > 0 such that
θ2(|v|) > L(x, v) > θ1(|v|)− c0 ∀(x, v) ∈ R
n × Rn.
(L3) Uniform regularity: There exists a nondecreasing functionK : [0,+∞)→
[0,+∞) such that, for every multi-index |α| = 1, 2,
|DαL(x, v)| 6 K(|v|) ∀(x, v) ∈ Rn × Rn,
If L is a Tonelli Lagrangian, the associated HamiltonianH , which is called
a Tonelli Hamiltonian, is the Fenchel-Legendre dual of L defined by
(2.2) H(x, p) = sup
v∈Rn
{
〈p, v〉 − L(x, v)
}
(x, p) ∈ Rn × Rn .
For any t > 0, given x, y ∈ Rn, we set
Γtx,y = {ξ ∈ W
1,1([0, t];Rn) : ξ(0) = x, ξ(t) = y}
and define
(2.3) At(x, y) = min
ξ∈Γtx,y
∫ t
0
L(ξ(s), ξ˙(s))ds.
The existence of the minimum above is a well-known result in Tonelli’s
theory (see, for instance, [24, 5]). Any ξ ∈ Γtx,y at which the minimum in
(2.3) is achieved is called a minimizer for At(x, y). Such a minimizer ξ is
of class C2 by classical results. In the PDE literature, At(x, y) is also called
the fundamental solution of the associated Hamilton-Jacobi equations in the
form (1.2) (see, for instance, [31]).
Now, we collect some basic regularity results on the fundamental solution
At(x, y). The readers can refer to [8] for detailed proofs.
1The collection of conditions (L1) -(L3) is exactly the classical Tonelli conditions when
M is a compact manifold.
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Proposition 2.1 (Semiconcavity of the fundamental solution). Suppose L
is a Tonelli Lagrangian. Then for any λ > 0 there exists a constant Cλ > 0
such that for any x ∈ Rn, t ∈ (0, 2/3), y ∈ B(x, λt), and (h, z) ∈ R× Rn
satisfying |h| < t/2 and |z| < λt we have
(2.4) At+h(x, y + z) + At−h(x, y − z)− 2At(x, y) 6
Cλ
t
(
|h|2 + |z|2
)
.
Consequently, (t, y) 7→ At(x, y) is locally semiconcave in (0, 1)×R
n, uni-
formly with respect to x.
In the general case t > 0, a local semiconcavity result holds true for
At(x, y) in the same form as (2.4) with Cλ depending on t.
Proposition 2.2 (Covexity of the fundamental solution for small time). Sup-
pose L is a Tonelli Lagrangian and, for any λ > 0, there exists t′λ > 0 such
that, for any x ∈ Rn the function (t, y) 7→ At(x, y) is semiconvex on the
cone
(2.5) Sλ(x, t
′
λ) :=
{
(t, y) ∈ R× Rn : 0 < t < t′λ, |y − x| < λt
}
,
and there exists a constant C ′′λ > 0 such that for all (t, y) ∈ Sλ(x, t
′
λ), all
h ∈ [0, t/2), and all z ∈ B(0, λt) we have that
(2.6) At+h(x, y + z) + At−h(x, y − z)− 2At(x, y) > −
C ′′λ
t
(h2 + |z|2).
Moreover, there exist t′′λ ∈ (0, t
′
λ] andC
′′′
λ > 0 such that for all t ∈ (0, t
′′
λ] the
function At(x, ·) is uniformly convex on B(x, λt) and for all y ∈ B(x, λt)
and z ∈ B(0, λt) we have that
(2.7) At(x, y + z) + At(x, y − z)− 2At(x, y) >
C ′′′λ
t
|z|2.
The combination of the two propositions above leads to a C1,1 result
which is essentially connected to the Lasry-Lions type regularization ([30,
4]).
Proposition 2.3. Suppose L is a Tonelli Lagrangian and, for any λ > 0,
there exists t′λ > 0 such that, for any x ∈ R
n the functions (t, y) 7→ At(x, y)
and (t, y) 7→ At(y, x) are of class C
1,1
loc on the cone Sλ(x, t
′
λ) defined in
(2.5). Moreover, for all (t, y) ∈ S(x, t′λ)
DyAt(x, y) =Lv(ξ(t), ξ˙(t)),(2.8)
DxAt(x, y) =− Lv(ξ(0), ξ˙(0)),(2.9)
where ξ ∈ Γtx,y is the unique minimizer for At(x, y).
6 PIERMARCO CANNARSA AND WEI CHENG
2.3. Lax-Oleinik semigroup and weak KAM solution. We will concen-
trate the case whenM = Rn. For all (t, x) ∈ R+ × R
n let
(2.10)
φxt (y) = u(y)−At(x, y) and ψ
x
t (y) = u(y) + At(y, x) (y ∈ R
n)
where At is the fundamental solution defined in (2.3). The Lax-Oleinik
operators T−t and T
+
t are defined as follows
T+t u(x) = sup
y∈Rn
φxt (y), x ∈ R
n,(2.11)
T−t u(x) = inf
y∈Rn
ψxt (y), x ∈ R
n.(2.12)
The functions φxt and ψ
x
t are called local barrier functions.
We define the Man˜e´’s critical value as
cH [0] = − inf{At(x, x)/t : t > 0, x ∈ R
n}.
A continuos function u ∈ C(Rn,R) is called a weak KAM solution of the
Hamiltoni-Jacobi equation
(2.13) H(x,Du(x)) = cH [0],
if and only if T−t u = u for all t > 0, where T
−
t is the negative type Lax-
Oleinik operator with respect to L+ cH [0].
We say a function u : Rn → R is dominated by L + cH [0], denoted by
u ≺ L+ cH [0], if for any curve γ ∈ Γ
t
x,y,
u(y)− u(x) 6
∫ t
0
L(γ(s), γ˙(s)) ds+ cH [0]t.
It is well known that u ≺ L+cH [0] if and only if u is a viscosity subsolution
of (2.13). If u ≺ L + cH [0], a < b, a curve γ : [a, b] → R
n is called
(u, L, cH[0])-calibrated or u-calibrated in short if
u(γ(b))− u(γ(a)) =
∫ b
a
L(γ(s), γ˙(s)) ds+ cH [0](b− a).
A curve γ defined from (−∞, t0] (resp. [t0,+∞), (−∞,+∞)) to R
n is
called a backward (resp. forward, global) u-calibrating curve if γ|[a,b] is
u-calibrated for any a < b 6 t0 (resp. t0 6 a < b, a < b).
We also define the Aubry set with respect to a weak KAM solution u of
(2.13) as
I(u) = {x ∈ Rn : x = γ(0) with γ : R→ Rn a global u-calibrated curve}.
If M is a compact manifold, in view of classical weak KAM theory, the
projected Aubry set A =
⋂
u I(u) is nonempty and compact, where the
intersection is taken over all the weak KAM solutions u’s of (2.13).
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Proposition 2.4 ([26, 8, 18]). Let M = Rn. Then, there exists a unique
constant cH [0] such that (2.13) admit a weak KAM solution. In addition,
each weak KAM solution of (2.13) is globally Lipschitz and semiconcave.
Moreover, let φxt and ψ
x
t be the local barrier functions with respect to
L + cH [0]. Then, there exists a constant λ0 > 0, depending only on L
and Lip(u), such that, for any (t, x) ∈ R+ × R
n and any maximum (resp.
minimum) point yt,x (resp. zt,x) of φ
x
t (resp. ψ
x
t ), we have
(2.14) |yt,x − x| 6 λ0t (resp. |zt,x − x| 6 λ0t).
In addtion, there exists a one-to-one correspondence between p ∈ D∗u(x)
and the global minimizers zt,x of ψ
x
t for all t > 0.
We also introduce the set Cut (u) of cut points of u, as the set of points
x ∈ Rn where no backward u-calibrating curve ending at x can be extended
to a u-calibrating curve beyond x. Equivalently, if γ : [a, b] → Rn is a u-
calibrating curve with x ∈ γ([a, b]) then x = γ(b).
At the end of this section, we introduce the concept of generalized char-
acteristic first introduced in [2]. A Lipschitz arc x : [0, T ] → Rn, (T > 0),
is said to be a generalized characteristic of the Hamilton-Jacobi equation
(2.13) if x satisfies the differential inclusion
(2.15) x˙(s) ∈ coHp
(
x(s), D+u(x(s))
)
, a.e. s ∈ [0, T ] .
We say that x ∈ Rn is a critical point with respect to a viscosity solution u
of (2.13) if
(2.16) 0 ∈ coHp(x,D
+u(x)).
3. INTRINSIC APPROACH OF GLOBAL PROPAGATION OF
SINGULARITIES
Unlike an energy-estimates method used in the global propagation of
singularities of the viscosity solutions developed in [3, 1, 13] for eikonal
equations and mechanical systems, an intrinsic approach first appears in
[8] which is only based on the associated characteristic systems and can be
applied to rather general problems.
3.1. Global propagation of singularities. We begin with the setting from
[8]. The following proposition is a crucial step for the theory. Now, we give
a proof which is different from the original one in [8].
Proposition 3.1 ([8]). Let L be a Tonelli Lagrangian and let H be the as-
sociated Hamiltonian. Suppose u : Rn → R is a Lipschitz continuous semi-
concave viscosity solution of (2.13). If x ∈ Cut (u), then any maximizer of
φxt is contained in Sing (u) for all t > 0. Moreover, there exists t0 ∈ (0, 1]
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such that, for all (t, x) ∈ (0, t0] × R
n, φxt admits a unique maximum point
yt,x and the curve
(3.1) y(t) = yx(t) :=
{
x if t = 0
yt,x if t ∈ (0, t0]
satisfies limt→0 y(t) = x.
Proof. For any t > 0 and yt,x ∈ argmaxφ
x
t (which is nonempty by Propo-
sition 2.4), suppose yt,x is a differentiable point of u. Thus
0 ∈ D+{u(·)−At(x, ·)}(yt,x) = Du(yt,x)−D
−{At(x, ·)}(yt,x),
equivalently,Du(yt,x) ∈ D
−{At(x, ·)}(yt,x). It follows that At(x, ·) is dif-
ferentiable at yt,x and
pt,x = Du(yt,x) = DyAt(x, yt,x)
since At(x, ·) is locally semiconcave. Therefore, there exists two C
2 ex-
tremals (with respect to the associated Euler-Lagrange equation) ξt,x : [0, t] →
R
n and γx : (−∞, t] → R
n such that ξt,x(0) = x, γx(t) = ξt,x(t) = yt,x
and pt,x = Lv(γx(t), γ˙x(t)) = Lv(ξt,x(t), ξ˙t,x(t)). Since ξt,x and γx has the
same endpoint condition at t, then they coincide on [0, t]. This leads to a
contradiction since x = γx(0) and γx(0) 6∈ Cut (u).
Now we turn to the proof of the last part of the proposition. Let C1 > 0
be a semiconcavity constant for u on Rn and let λ0 be the positive constant
in Proposition 2.4. By Proposition 2.2 with λ = 1 + λ0, we deduce that
there exists t0 ∈ (0, 1] and a constant C2 > 0 such that for every (t, x) ∈
(0, t0]× R
n, every y ∈ B(x, λt), and every z ∈ B(0, λt) we have that
At(x, y + z) + At(x, y − z)− 2At(x, y) >
C2
t
|z|2.
Thus, φxt (y) = u(y) − At(x, y) is strictly concave on B(x, λt) for all t ∈
(0, t0] provided that we further restrict t0 in order to have
(3.2) t0 <
C2
C1
.
Then, for all such numbers t, there exists a unique maximum point yt,x of φ
x
t
inB(x, λt). In fact, yt,x is an interior point ofB(x, λt) since, by Proposition
2.4, we have that |yt − x| 6 λ0t. 
We can see that the curve y defined on [0, t0] as in (3.1) is indeed a gen-
eralized characteristic which can be extend to +∞ since t0 is independent
of the initial point x.
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Proposition 3.2 ([8]). Let L be a Tonelli Lagrangian. Let t0 ∈ (0, 1] be
given by Proposition 3.1. For any fixed x ∈ Rn, let y : [0, t0] → R
n be the
curve defined in (3.1). Then
(a) y is Lipschitz on [0, t0].
(b) The singular arc y : [0, t0] → R
n is a generalized characteristic, that
is,
y˙(τ) ∈ coHp(y(τ), D
+u(y(τ))), a.e. τ ∈ [0, t0].
Moreover,
y˙
+(0) = Hp(x, p0),
where p0 is the unique element of minimal energy:
H(x, p) > H(x, p0), ∀p ∈ D
+u(x).
Remark 3.3. It is worth pointing out that the idea and the technique used
here for the global propagation results are still valid for manifold case be-
cause of the local nature. So, by using local chart, one can adapt to any
compact manifoldM definitely. For a rigorous treatment of semiconcavity
on manifold using local charts, the readers can refer to [25].
3.2. Topology of Cut (u) and Sing (u). In this section, we suppose thatM
is a C2 closed manifold and L is a Tonelli Lagrangian. Notice the fact that
Sing (u) ⊂ Cut (u) ⊂M \ I(u), and Sing (u) ⊂ Cut (u) ⊂ Sing (u).
Lemma 3.4 ([9]). There exists some t > 0, and a (continuous) homotopy
F : M × [0, t] →M , with the following properties:
(a) for all x ∈M , we have F (x, 0) = x;
(b) if F (x, s) 6∈ Sing (u), for some s > 0, and x ∈ M , then the curve
σ 7→ F (x, σ) is u-calibrating on [0, s];
(c) if there exists a u-calibrating curve γ : [0, s] →M , with γ(0) = x, then
σ 7→ F (x, σ) = γ(σ), for every σ ∈ [0,min(s, t)].
Lemma 3.4 claims that yx(t) defined in (3.1) establishs a continuous
homotopy on M , which leads to the following topological properties of
Cut (u) and Sing (u) in the homotopy sense.
Proposition 3.5 ([9]). The inclusion Σ(u) ⊂ Cut (u) ⊂ Sing (u) ∩ (M \
I(u)) ⊂M \ I(u) are all homotopy equivalences.
The result above can be regarded as an extension of the main result in [3]
to the context of weak KAM theory.
Proposition 3.6 ([9]). The spaces Sing (u), and Cut (u) are locally con-
tractible, i.e. for every x ∈ Sing (u) (resp. x ∈ Cut (u)) and every neigh-
borhood V of x in Sing (u) (resp. Cut (u)), we can find a neighborhoodW
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of x in Sing (u) (resp. Cut (u)), such thatW ⊂ V , andW in null-homotopic
in V .
Therefore Sing (u), and Cut (u) are locally path connected.
3.3. Dynamics of generalized characteristic semi-flow. In this section,
we have decided to concentrate on the important example of mechanical
systems on the torus Tn. The main reason is that the uniqueness of the
solution to (2.15) is not guaranteed for general Hamiltonians. So, the asso-
ciated semiflow may fail to be well defined. But, such a semiflow is well
defined for mechanical systems. We say a Hamiltonian H has the unique-
ness property if there exists a unique generalized characteristic staring from
any given initial point.
Let us consider the mechanical Hamiltonian in the following form:
(3.3) H(x, p) =
1
2
〈A(x)p, p〉+ V (x), x ∈ Rn, p ∈ Rn
where x 7→ A(x) is a Tn-periodic C2-smooth map taking values in the
real space of n × n positive definite symmetric matrices, and V is a Tn-
periodic function on Rn, at least of class C2, satisfyingmaxx∈Rn V (x) = 0.
A typical Hamiltonian H having the uniqueness property is a mechanical
Hamiltonian as in (3.3).
For any c ∈ Rn, let
Hc(x, p) := H(x, c+ p)− αH(c), (x, p) ∈ T
n × (Rn)∗,
where αH(·) is Mather’s α-function. Let uc be a T
n-periodic weak KAM
solution of the Hamilton-Jacobi equation
(3.4) Hc(x,Duc(x)) = 0, x ∈ T
n.
Here we also looks uc as a real-valued function on T
n. We also define
(3.5) vc(x) := 〈c, x〉+ uc(x), x ∈ R
n.
The following proposition, based on the results in [12, 8, 16, 2], is a
collection of properties of the generalized characteristics associated with
the pair {H, vc} withH as in (3.3).
Proposition 3.7. Let H be a Tn-periodic Hamiltonian as in (3.3), let c ∈
R
n, and let uc be a viscosity solution of equation (3.4). Then vc(x) intro-
duced in (3.5) has the following properties. Fix any x ∈ Rn.
(a) There is a unique Lipschitz arc x : [0,+∞)→ Rn such that
(3.6) x˙(s) ∈ A(x(s))D+vc(x(s))
and x(0) = x. Moreover, denoting by y the solution of (3.6) starting
from any other point y ∈ Rn, we have that
|x(s)− y(s)| 6 C|x− y|, s ∈ [0, τ ]
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for some constant C > 0 depending on τ > 0.
(b) If x ∈ Sing (vc), then x(s) ∈ Sing (vc) for all s ∈ [0,+∞).
(c) The right derivative x˙+(s) exists for all s ∈ [0,+∞) and
x˙
+(s) = A(x(s))p(s), ∀s ∈ [0,+∞),
where p(s) is the unique point of D+vc(x(s)) such that
(3.7) 〈A(x(s))p(s), p(s)〉 = min
p∈D+vc(x(s))
〈A(x(s))p, p〉.
Moreover, x˙+(s) is right-continuous.
(d) The right derivative of vc(x(·)) has the following representation:
(3.8)
d
ds+
vc(x(s)) = 〈p(s), A(x(s))p(s)〉, s ∈ [0,+∞).
(e) If α(c) > 0 and x˙+(s) 6= 0 for all s ∈ [0, τ ], then
(3.9) v(x(s1)) < v(x(s2)), for all 0 6 s1 < s2 6 τ.
(f) If x is not a critical point of vc, then x is injective on [0, τ ] for some
τ > 0.
(g) If α(c) > 0, then all the critical points of vc are contained in Sing (vc).
For any x ∈ Rn, we denote by x(·, 0, x) the unique generalized charac-
teristic starting from x. By Proposition 3.7 (a) and (g), it is clear that
(3.10) Φt(x) := x(t, 0, x), (t, x) ∈ [0,∞)× R
n
defines a semiflow on Rn. It is not difficult to see, one can also introduce
the semiflow on Tn in view of Proposition 3.1 and Remark 3.3. We will
abuse the notation Φt(x) for both the semiflow on R
n and Tn.
Proposition 3.8 ([6]). Let Φt(x) be the semiflow on R
n defined by the gen-
eralized characteristic determined by vc and let the following regularity
condition be satisfied:
(R) the regular values of vc are dense in R.
ThenR(Φt) ⊂ Crit (vc). In particular, we have
(3.11)
L(Φt) := cl
(
∪ {ω(Φt, x) : x ∈ X}
)
= Ω(Φt) = R(Φt) = Crit (vc),
where Ω(Φt) (resp. ω(Φt, x)) is the ω-limit set of the semiflow Φt (resp. the
semi-orbit Φt(x)), andR(Φt) is the chain-recurrent set of Φt.
For the definition of various kinds of invariant set of the semiflow Φt(x),
the readers can refer to [32, 28, 27].
In fact, there is another associated semiflow on Tn defined by
(3.12) φt(x) : [0,+∞)× T
n → Tn and φt ◦ pi = pi ◦ Φt,
where pi : Rn → Tn is the canonical projection and Φt is defined in (3.10).
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In view of Proposition 3.1 and Remark 3.3, the unique global generalized
characteristics x = x(t, 0, x) : [0,+∞) → Tn defined in Proposition 3.7
can be determined inductively as
(3.13) x(t, 0, x) = φt−it0(x(it0, 0, x)), ∀t ∈ [it0, (i+ 1)t0], i ∈ N.
Owing to the uniqueness of generalized characteristics whenH has the form
(3.3), for any 0 < τ 6 t0 we also have
(3.14) φt(x) = x(t, 0, x) = yx(iτ,0,x)(t− iτ), ∀t ∈ [iτ, (i+1)τ ], i ∈ N.
For any τ ∈ (0, t0], let z
τ
i = x(iτ), i ∈ N, and let Z
τ be the set of
all convergent subsequences of {zτi }. For any strictly increasing sequence
of natural numbers σ = {i1, i2, . . . , ik, . . .} and the associated convergent
subsequence zτσ = {z
τ
ik
}, we define
N τσ = sup{ik+1 − ik : z
τ
σ ∈ Z
τ}.
If τ = t0, we will take out the superscript τ for abbreviation. It is clear x is
unique, then it does not depend on the choice of τ ∈ (0, t0] by (3.14).
We denote the ω-limit set of x by ω(x). It is clear that ω(x) ⊂ C(x)
where C(x) is the connected component of Sing (u) containing x. For each
z ∈ ω(x), there exists σ such that the sequence zσ converges to z.
Proposition 3.9 ([6]). Let H be a mechanical Hamiltonian as in (3.3) and
let uc be a weak KAM solution of (3.4). Suppose x ∈ Sing (u), x is the
unique generalized characteristics starting from x, and C(x) is the con-
nected component of Sing (u) containing x.
(a) If limt→∞ x(t) exists, then there exists z ∈ C(x) such that 0 ∈ H
c
p(z,D
+uc(z)).
(b) Suppose that limt→∞ x(t) does not exist and fix any τ ∈ (0, t0]. Then
for any zσ ∈ Z
τ such that Nσ < ∞, there exists a closed generalized
characteristic contained in {x(t) : t > 0} ⊂ C(x).
(c) Let τk → 0
+ as k →∞. If for each k ∈ N, there exists an σk such that
zτkσk ∈ Z
τk with N τkσk < ∞, and limk→∞ τkN
τk
σk
= 0, then there exists
z ∈ C(x) such that 0 ∈ coHcp(z,D
+uc(z)).
(d) Fix any τ ∈ (0, t0] and zσ ∈ Z
τ . If Nσ(τ) = ∞, then there exists
a global generalized characteristic y : (−∞,+∞) → Tn such that
{y(t) : t ∈ R} is contained in {x(t) : t > 0} ⊂ C(x).
Proposition 3.10 ([6]). SupposeH is a mechanical Hamiltonian as in (3.3),
uc is weak KAM solution of (3.4), x ∈ Sing (u), and C(x) is the connected
component of Sing (u) containing x. Let x : [0,+∞) → Tn be the unique
generalized characteristic staring from x. If there is no critical point of uc
with respect to H in C(x), then limt→∞ x(t) does not exists. In addition,
for any σ ∈ Z t0 , the following properties hold:
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(a) IfNσ <∞, then there exists a non-constant closed generalized charac-
teristic y : [0, T ] → Tn, y(0) = y(T ), contained in {x(t) : t > 0} ⊂
C(x). Moreover, we have either
(1) y : [0, T ] → Tn is a C2 closed regular characteristic contained in
Iuc , or
(2) y : [0, T ]→ Tn is a closed singular generalized characteristic.
(b) If Nσ = ∞
2, then there exists a global generalized characteristic y :
R → Tn such that {y(t) : t ∈ R} is contained in {x(t) : t > 0} ⊂
C(x). Moreover, we have either
(1) y : R→ Tn is a global singular generalized characteristic, or
(2) C(x) ∩ Iuc 6= ∅. In particular, C(x) ∩ A(H
c) 6= ∅.
Proposition 3.11 ([6]). SupposeH is a mechanical Hamiltonian as in (3.3),
x ∈ Sing (u) and x is the unique generalized characteristic starting from x.
If there exists a point of differentiability of uc in ω(x), then ω(x)∩A(H
c) 6=
∅.
4. ON AND BEYOND PROPAGATION OF SINGULARITIES
The study of propagation of singularities of certain viscosity solutions is
closed connected to many topics such as PDE, calculus of variation and op-
timal controls, Hamiltonian dynamical systems, geometry and so on. Based
on the aforementioned results, We will raise some open problems involving
propagation of singularities. The list will be much longer than the one in
[18].
4.1. Analytic aspects. From the proof of Proposition 3.1, we can summa-
rize the basic idea to prove the global propagation of singularities of viscos-
ity solutions governed by generalized characteristics of certain Hamilton-
Jacobi equations as follows:
(i) First, we need a representation formulae for the viscosity solutions of
certain problems in the form of inf-convolution like what in (2.12).
That is, such a solution can be regarded as the value functions of an
associated problem of calculus of variations and optimal controls.
(ii) Second, we need the regularity properties of the associated fundamen-
tal solutions such as Proposition 2.3.
(iii) Third, an argument like the proof of Proposition 3.1 using sup-convolution
can be applied to get the result of propagation of singularities.
(iv) Finally, we need show that the arc obtained is a generalized character-
istic on a time interval [0, t0] which can be extended to +∞ if we can
have some uniform property of t0.
2We can always suppose that Nσ = ∞ by choosing a suitable subsequence of σ if
necessary.
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Of course, one should improve certain technique points above to deal
with different kinds of problems.
A1. Can technique points (i)-(iv) be applied to various type of problems?
For example, in the preprint [10], this method is successfully applied to
the Dirichlet problem. Another example is the problem with respect to the
Hamilton-Jacobi equations in the form
(4.1) H(x, u(x), Du(x)) = c, x ∈M.
It is very hopeful to solve the global propagation result for the viscosity
solution u of (4.1) using the program above and recent works on certain
contact type Hamilton-Jacobi equations ([35, 38, 11, 36, 37]).
The only knowledge for us on a Hamiltonian having uniqueness property
is a mechanical one. Undoubtedly, this property is not well understood until
now. Let H be a mechanical Hamiltonian as in (3.3), and define
(4.2) HW (x, p) = H(x, p) + 〈W (x), p〉,
whereW is a vector field onM with its canonical dual, a differential form
ωx. The HamiltonianHW has uniqueness property if ωx is a closed 1-form.
In general, the distribution (in the sense of Frobenius) D = kerωx is non-
integrable. It is unclear what is the condition to let HW have uniqueness
property.
On the other hand, the differential inclusion (2.15) is also an ordinary
differential equation in the sense that all the solutions satisfy the equation
almost everywhere. Then, we can also study the uniqueness of generalized
characteristic from arbitrary initial points in the Diperna-Lions theory point
of view. Is the condition on the divW is what expected?
A2. What is the essential conditions for a HamiltonianH having uniqueness
property?
In our construction of the global generalized characteristics, the singular
arc yx(t) on [0, t0] is obtained by Proposition 3.1 and t0 is independent of
the initial point x.
A3. Can we drop the uniformness requirement of such t0 to obtain a global
result?
The uniformness of such t0 holds because of our uniform conditions
(L1)-(L3). At least, we hope to only use so called Fathi-Maderna condi-
tions in [26].
Recalling the alternative approach using Lasry-Lions regularization for
the study of the global propagation results in [9], and the results [18, 19] on
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the relation between the Lasry-Lions regularization and propagation of sin-
gularities, the readers can find that the C1,1 regularity result in Proposition
2.3 is a key technique point in the theory. But, when working on a mani-
fold with (smooth) boundary, one may meet the difficulty to deal with the
regularity property of the boundary as well as the boundary function ([10]).
A4. Can one improve the program (i)-(iv) using a C1,α (α ∈ (0, 1)) argu-
ment for certain problems involving state constraint?
A5. How about the Lasry-Lions regularization for state constraint type
problems?
In [16], local results of propagation of singularities involving any semi-
concave function u and any Tonelli Hamiltonian H were obtained. In the
same paper, the authors also proved the local propagation of singularities
governed by a partial differential inclusion of generalized characteristics.
A6. How about the intrinsic nature on the problem of global propagation of
singularities on a pair (u,H), especially at a critical point?
A7. How about the intrinsic nature on the partial differential inclusions of
generalized characteristics?
4.2. Dynamic, topological and geomertic aspects. The main problem in
the dynamic aspects of the theory is to exploit the relations between the sin-
gular dynamics of generalized characteristics and the regular Hamiltonian
dynamics, especially the applications to the Hamiltonian dynamical sys-
tems.
As pointed out in Section 3.3, an interesting result is the relations be-
tween the ω-limit set of the relevant semiflow on Tn, say φt, and the Aubry
set. It is possible that the singularities of a weak KAM solution evolute
along the generalized characteristics approaching the Aubry set.
B1. What is the dynamical nature of the invariant measures produced by
the semiflow φt?
B2. How about the dynamic and topological structure of the supports of
such invariant measures produced by the semiflow φt?
B3. Are there some finer properties on T2?
In the study of dynamics of the semiflow φt for mechanical systems, there
is an obstacle for the semiflow, i.e., the sets of critical points defined in
(2.16) (see Proposition 3.9). If we concentrate on the mechanical systems,
this problem is closed related to the problem of Novikov’s critical point
theory of closed 1-forms ([23]). A much more general situation is that the
Hamiltonian has the form HW introduced in (4.2) when W is not deter-
mined by a closed 1-form.
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As shown in [12], the local propagation of singularities along a Lipschitz
curve was studied for viscosity solutions and Mather’s barrier functions.
In [7], the relations between the critical points of the barrier functions and
the homoclinic orbits with respect to Aubry sets was studied. The main
methods used in [7] is the combination of Lasry-Lions regularization with
standard kernel |x − y|2/2t and the critical point theory of mountain pass
type.
B4. What is the nature of the existence or non-existence of the critical
points?
B5. Is there a curvature condition characterizing the non-existence of crit-
ical point even for the classical mechanical systems, like what used in
Cheeger-Gromoll’s splitting theorem in Riemannian geometry ([17])?
B6. Let u be a weak KAM solution with respect to a Tonelli Hamiltonian
H . Invoking problem A6, at a critical point with respect to u, how should
we changeH to understand the further propagation of singularities of u? Is
this a way to solve problem A7?
B7. Can we get more information, by using the intrinsic kernel in the pro-
cess of Lasry-Lions regularization for the Mather’s barrier function, to ob-
tain the dynamical results from the critical points of the barrier functions?
Recalling the results in [14], for the distance function dF with respect to
a closed subset F ⊂ Rn, some amazing results on the asymptotic properties
of the unbounded component of Sing (dF ) were obtained. We finish the list
with the following problem:
B8. What is the analogy of these results and how about the extensions for
weak KAM solutions?
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